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An Application of Noninteracting Control

to a Continuous Flow Stirred-Tank Reactor

ROBERT D. FOSTER

Union Carbide Chemicals Company, South Charleston, West Virginia

WILLIAM F. STEVENS

Northwestern University, Evanston, lflinois

A general method, given in a companion paper, by which an interacting linear multivariable
system may be decoupled into independent subsystems, is applied to @ continuous flow stirred-
tank reactor. The form of the compensating controllers required for the physical system is
obtained. It is then verified numerically that noninteraction is achieved, as postilated, by
simulation of the linear model with compensating control on the analog computer.

The characteristic property of a multivariable system is
that each of its inputs will generally affect more than one
output simultaneously. Conventional control of such an
interacting system can be both difficult and inefficient in
that each control device must be compromised in its de-
sign. Although primary emphasis is placed on achieving
adequate control of a corresponding output, care must be
taken that the controller will not adversely affect the re-
maining system outputs. This difficulty has been elim-
inated in a companion paper (1) by describing theoreti-
cally the design of a compensating control device of gen-
erally simple form which may be applied to linear multi-
variable systems of any order. The technique makes it
possible to break the system down into independent sub-
systems containing a single output as a function of a
single manipulatable input and a single measurable input.
Final output control of each subsystem may then be
achieved in the absence of undesirable system interactions.

It is the purpose of this paper to apply the compensat-
ing technique described in reference I to a particular
physical system, the continuous flow stirred-tank reactor.
In addition to describing the form of the compensating
controllers required for the given system, it will be veri-
fied numerically by means of analog computer simulation
that noninteraction is achieved as postulated.
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DESCRIPTION OF THE SYSTEM

The general theory of noninteracting control that has
been developed (1) will be applied to a continuous flow
stirred-tank reaction which contains a material undergo-

k
ing a reaction of the type X — products, for which rate
of conversion of X(t) is given by dX(t)/dt = kX(t) =
A’ ¢~ E/RT® X(t). The system, as described by Kermode
and Stevens (3), is pictured in Figure 1.
The unsteady state heat and mass balance characteriz-
ing the system may be written as follows:

T 2 x) —x()1— & s x (o
(1)
T 20 7,0 — 1003
_ UAF(t) [T(t) —T,] _ A’ e~ E/RTW AHX (t) @)
VoCp [F(t) + 1] rCp
2 Qc(t) pc Cc

Ft) = UA

The system will be controlled about its unstable point at
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ag(h)
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Fig. 1. Schematic diagram of system studied.

the values of system parameters and steady state inputs
and outputs given in the Notation section. System inputs
and outputs for all work to follow are defined as follows:

yi(t) = X(8) = X(t) — X,

yo(t) =T(t) = T(t) — T, }system outputs

u(t) = Q) = Q1) — Qo A .
x(t) = 0lt) = Qu(t) — Qco}mampulatable inputs
x(t) = To(t) = Ti(t) — Tho s ,
xi(t) = Xi(t) = Xi(t) = Xo }measmabl,e inputs

With the above notation, Equations (1) and (2) are
linearized and Laplace transformed with the X;(s) and
i;(s) replaced by x; and y; for convenience to give

Rutys = Kyuxy + Kysxs + Nigye (3)
Ropyfz = Koyxy + Kogxg + Kaaxz + Nayys (4)

Output characteristics and limits are now set for step
changes in x3(¢) and x4(t) in Table 1. These output
forms were chosen as an arbitrary standard for purposes
of analysis, although in practice such factors as product
quality and cost would be considered.

STABLE, NONINTERACTING CONTROL OF THE
LINEAR SYSTEM

The objective of this section is to apply the noninter-
acting control theory developed in reference 1 to the
linear model of the given physical system. The procedure
will be presented diagramatically rather than in matrix
form so as to help make clear the physical form of the
compensating control system. Equations (3) and (4) may
be rewritten as

Y1 = Puxy + Piaxs + Piaxs + Pray (5)
Y2 = Poixy + Pogxa + Pygxz + Pogxy (6}
where
P, = fu(s)

' RyRas— NiaNag

The system of Equations (5) and (6) is referred to as
the standard or P form and is presented diagramatically
in Figure 2.

The first step in the decoupling procedure is to form
partially noninteracting subsystems such that y; = yi(x,
x3) and y; = yo(xy, x3), which means that it is necessary
to eliminate the effect of x; and x4 on y, and x4 on ys.
Noninteraction of this type is achieved by transformation
of the system mathematically to the V’ canonical form,
which requires that the inputs to be eliminated are trans-
formed first to outputs and then fed back internally to
the input of the system. This requires the presence of out-
puts y1, i, and Y4 Since no y, exists, it is introduced as
a “virtual” output, as shown in Figure 3.

The augmented system of Figure 3 may now be trans-
formed to the V' canonical form, which is represented
diagramatically in Figure 4. Here y, is made a direct

where X +
2 PcCc [Tc ~T,) ! r - P e D
=g — Kop = > " ¥y
R =s—Nn 2= VoCy [Fo+ 112 *1
X2
Ryz=s5— Ny K23=2V1 ™ Py
Qo _ A’ EXge—EIRTO X L
K=y e S S S Y S
Tio— T, A’ AH ¢~ E/RT,
Ky = ————— Nog = —
21 v 21 pren
N Qo UAF, A’ EAHX, e~E/RTo P, __:_gf,_> Y,
=— ——— — +
2 V. VoG, [F, + 1] oC,RT,? )
P, >
TaBLe 1
» P >
Damp- 23
Time/ ing Peak
Output Form cycle ratio amplitude o
- 24 -
y1(t) = X(t) Damped oscillatory 30sec. 0.5 1% of Xo
y2(t) = T(t) Damped oscillatory 30sec. 05 1% of To Fig. 2. Four-input, two-output system in standard P form,
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function of x; and x3 and a reverse function of x; and x4,
Similarly, y, is made a direct function of x; and %3 and a
reverse function of x; and x4. Partial noninteraction is now
easily accomplished by adding compensating controllers
Ci2, Cr4, and Cyy as shown in Figure 5.

If each Cj; is made equal to the negative of a corre-
sponding Vy;, the following partially noninteracting sys-
tem of Figure 6 will result. As shown in Figure 6, y1 =
y1{x1, x3) and yp = ys(xy, x3) as desired. The form of
the F;; and Vy; (and hence the Cj;) may be obtained from
Equations (38) to (41) of reference 1 for m = 2. This
yields

Jas
Fi1 = KogKyss — 7
. P TK14KasNay + KooKeaN11] ()
— Js1
Fig3 = KpoKyys — 8
® B [K14K4sNgs + K3K44N11] (8)

Foy =
Jas

(K11Kag — K14Kar)s + [Ko1KyyNyo — (K11Kyg ~ K14K41)N( 232}
Fo3 =

— Jaa
(K11Kgs — KuKyy)s + [Ko1KguNya — (K1Kyy — K14K41)1(V12(2)%
K14Kyos + [KooKaaNyo + K14aKisNgo]
Vig=—Cp=—
Jaa
(11)
Vo = —Cyp =
Ko1Kyss + [ (K11Kag — K14Ka1) Noy — K21 KyuNy1]
Jes
(12)
N
ol ; P . . y
b o 1] + !
)
X2 l : _ ;
] g PIZ |
X3 L ! _ |
I > P ] REAL
. r [ | ¥ SYSTEM
4
F 1
|
|
|
|
|
| }
| VIRTUAL
: Ka3 L svsTEM
s LN e
b o e _|

Fig. 3. Four-input, two-output system in standard P form, with virtual
output added.
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L [ L2 | ‘] Ya
Kas
Xq
Kaa

Fig. 4. Four-input, twa-output system in ¥’ canonical form.
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A
O

)
Eo
4

Fig. 5. Four-input, two-output system in Y’ cononical form with
compensating controllers added.
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K14K22

Vi=—Cy= (13)
Jas
K K.
V24=—C24=—-.__14—21. (14)
J3s

Also, from the definition of J;; given in reference I,
the values of Js1, J32, and Jsz3 are obtained:

Js1 = Ky4KeoKys — K14Ko3Kas (15)
Jas = K14KoaKy1 — K14Ko1Kag — K11KosKyy  (16)
Js3 = K11 KogKys — K14KeoKgy + Ky KoiKee  (17)

The relation of the compensating controllers to the
linear system in its physical P form may be seen by re-
placing the transfer functions Fii, Fis, Fao, Fos, Via, Vai,
Vi4, and Vg4 in Figure 5 by the transfer functions Pij,
Pis, Pis, Pis, Psy, Pas, Pas, and Psy This final result is
shown in Figure 7.

Figure 7 and Equations (11) to (14) show that the
compensating device consists of feedforward amplifiers
Ky, Kag, Kyg, Ku4, Cy4, and Cyy and feedback proportional
plus derivative controllers Cy5 and Cay.

System stabilization and complete noninteraction is
accomplished by adding a feedforward and a feedback
controller to each of the subsystems of Figure 8. As an
example, subsystem 1 under control is shown in Figure 8.
For this system

(F1s + F11 Gg)
= X 18
n 14 G Fuy s (18)

Similarly, for subsystem 2

Fas + Fay Gy
= e———— 19
v 1+ Fos Go ’ (19)

Perfect control of y, and y;, for any value of x3 is accom-
plished by setting

Gyt = — —2- 20
111 o (20)
Foy
Gg = — -2 21)
12 Toy (

r— - - — = =1
| 1

X, — > Fiy . Y,
I I+
| i
]

X3 L o] Fa
I
1 |
b o e e — — - J
_J/-SUBSYSTEM #2

r

Xz L . 1t

> S ' bl FZZ | + yz

' {

X |

3 |

» F

[ 23 !
‘ l
A |

Fig. 6. Partially noninteracting subsystems resulting from addition
of compensating controllers to four-input, two-output system in V'
canonical form.
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|
]
{

Loy J

A

O
N
Y

A
o
S

Fig. 7. Four-input, two-output system in standard P form with com-
pensating controfler added.

which, from Equations (7) to (10), becomes

Gy = 2 (22)
Jas

Gy = 22 (23)
Jas

Hence, G and Gye ave simply feedforward amplifiers,
Realization of perfect control is possible only if each sub-
system is stable. This requires that the denominator terms
of Equations (18) and (19), 1 + Fy Gps and 1 +
Fsy G2, have no right-half plane zeros. Stabilization of
these denominator terms is a very simple matter due to
the simple form of Fy; and Fa. For generality, let G
and Gpe take on the most complex possible form, pro-
portional-derivative-integral, whence

1
G = Kei [1 + Tpy s+ —-—] (24)
T]_S

1
Gz = Kes [1+Tnz S+—-—] (25)
TzS

Insertion of Equations (24), (25), (7), (8), (9), and
(10) into Equations (18) and (19) yields

vi-o Y- X
— St ——:;%—'- Fu L >y,
St
X3 > F
Fig. 8. Subsystem 1 with final control elements.
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T1(Jss Gy — Jar)s
Jss Kea

= X 26)
b T2 s2+4+2T) & s+1 ’ (
Ty(Jss Giro— Js2)s
Jsa Kes
= 27
BT Ti e e T, s+l (27)
where Koy ot ]

T{(K. ‘

T2 = 1(Kaz Kag + Ke1 Ty Jss) (28)
Kei Jss
Ty [Kct Jss — (Kya Kgg Nay + Koy Kyg Nyy) ]
2T 6 = Koi]

ct Ja3

(29)
K — K

Ty2 = Ty (Tpe Kealss + Kip Kus 14 Ka) (30)

Kes Jas

2T3¢s =
Ty [Kea Jas + Koy Kia N1g— (Kyy Kyy — Kyg Ky} Nas]
Keg Jss

(31)

The quantities Ty and £, representing characteristic time
and damping ratio, respectively, may be set at any desired
positive value in line with preset output characteristics
hence guaranteeing subsystem stability.

In order to have nonzero output values for use in nu-
merical comparisons to follow, the subsystem feedforward
controllers will be omitted so that the subsystem equations
to be considered become

—TiJn s
Kei Jss

Y, = 32
! T1282+2T1618+1 & ( )

— T2 Jse

——— 8

Kco Jss
Y, = 33
2T TR 2 Tabys + 1 e (33)

Inversion of Equations (32) and (33) in the time domain
for x3(t), a step function A,, yields

£t o
yi(t) = Ar T Ju e__T-l sin(——»—-—\/l-—‘512 i )
T2 Ky Jaz V1 — €42 Ty

£t (34)
2 S
ys(t) = —Ai T2 e T2 sin(-—-————\”-_E22 ! )
Ty Keg Jss V1— &2 Ty
(35)

The output forms represented by Equations (34) and
(35) are damped oscillatory as shown in Figure 9.

NUMERICAL VERIFICATION OF SYSTEM
NONINTERACTION

For this system there are ten undetermined controller
constants: Ky, Ky, Kz, Kes, Koo, Tai, Tas, Ty, and Ts.
For the fixed output forms given in Table 1, Ty, Ts, &,
and £, are fixed. It is also convenient to fix Js3, and so
there are five restricting system equations to be solved
in terms of five remaining undetermined constants, which
may be set arbitrarily or adjusted in such a manner as
to: (1) adjust output peak amplitudes to small values in
the case where subsystem feed forward controllers are
omitted or operate imperfectly, and (2) adjust manipu-
latable system inputs so that better correspondence is ob-
tained between the linear model, which forms the basis
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Yimi

% ()
Yim3
timz
° tims tima N
Yim3
<——TIME /CYCLE = Vwj ——

Fig. 9. Damped oscillatory output form.

for the design of the controllers, and the true nonlinear
model. For the numerical work to be presented, the five
undetermined constants Tgaj, Tas, Kei, Keo, and Ky will
be set arbitrarily for simplicity. The values of these con-
stants as well as J33 chosen are

Kag = 1.0 £t.8/(lb.-moles) (sec.)
Ke = 5.0 cuft./(°R.) (sec.)
le = 1.0 sec.

Tgo = 1.0 sec.

Ky = 587

Jas = 0.1

Final evaluation of y;(t) and y»(t), Equations (34)
and (35), requires that x3(¢) also be set or at least that its
expected range be known, since it cannot be manipulated.
For purposes of this analysis, x3(t) (= Ti(t)) will be set
at the step value A; = 4°R. From Equations (34) and
(35), for the set output characteristics of Table 1, the
obtained output parameters are shown in Table 2.

For the assigned values of K1, K, Tar, Tas, and Jss
and the values of Ty, Ty, &, and &, from Table 2, simul-
taneous solution of Equations (28) to (31) plus Equa-
tion (17) yields

T1 = 0.0676 sec.
Ty = 4.30 sec.
Ky = —321.7

42 = —641.1
Ky = —46.86

For the above values of K., K, Ty, Ts, Ay, Ty, T,
Jas, Ky, Kyo, Kyg, Ky, &1, €3, timi, and tomy, Equations
(15), (16), (34), and (35) may be combined to give

Y1m1 = — 0.000091 1b.-moles/cu.ft.
Yam1 = — 0.0036°R.

In summary, if noninteraction is accomplished as de-
sired, the data in Table 3 may be compiled.

It may be verified that the system outputs have the
above form independent of x,(¢) (hence noninteracting)
by means of analog computer simulation. This simulation
was carried out on the Pace TR-10 analog computer by

TaBLE 2. OutPuT PARAMETERS CHARACTERIZING THE
Outpur Forms oF TABLE 1 FoOr STEP INpPUT x3(¢)

Parameter Numerical
(i=1lor2) value
1/wi 30 sec.
& 0.5
tim1 5 sec.
Ti 3.953
im1
Yim , 6.0
Yim2
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TaBLE 3. OutPuT CHARACTERISTICS OF IDEALLY DECOUPLED
LiNEAR MoDEL REPRESENTING A CoNTINUOUS FLOW
STIRRED-TANK REACTOR FOR A GIVEN SET OF COMPENSATING
AND STABILIZING CONTROLLER CONSTANTS

Controller constants

K41 = —321.7 T2 = 4.30 sec.
Ky = —641.1 Tq1 = 1.0 sec.
K43 = 5.87 Tas = 1.0 sec.
K4 = —46.86 Ke1 = 1.0 £t.5/ (1b.-moles ) (sec.)

T1 = 0.0676 sec. Kez = 5.0 cu. ft./(°R.) (sec.)
Output characteristics for a3(¢) = A1 = 4°R,,
x4(t) = arbitrary upset
y1mt = —0.000091 lb.-

moles/cu. ft.
yom1 = —0.036°R.

tim1 = B sec.
temi = 3 sec.

1mi1
1/wi = 30 sec, ym = 6.0
Yim2
2
1/wo = 30 sec. gem = 6.0
y2m2

applying the compensating controllers Cis, Cag, Cro, Cay,
Ky, Ky, Ky, and Ky, and stabilizing controllers Gy, and
Gypy to the linear model given by Equations (3) and (4).
The controller constants K41, K42, K43, K44, Kcl, ch, Tdb
Tys, Ty, and Ty of Table 3 were used. The results are
given in Table 4. The results summarized in Table 4
should, ideally, correspond to the results given in Table
3. These two tables are compared in Table 5 in terms of
percent deviation between the two sets of results.
Except for t3ny, percent errors between results of analog
simulation and results obtained for perfect noninterac-
tion for important output characteristics are between 0
and 89,. Taking into account normal error in operation
of the analog computer, recorder errors, and approxima-
tions involved in reading output curves, we can take
these results as definite verification that the compensating
and stabilizing controllers designed on the basis of the
system in the V” canonical form are operating as specified
for the system in the physical P form. It should be noted
at this point that addition of Gy and G to the system
would eliminate the effect of x3(¢) on y () and y»(¢),

TaBLE 4, OuTpuT CHARACTERISTICS OF THE LINEAR P ForMm
oF THE CoNTINUOUS FLow STIRRED-TANK REACTOR FOR THE
CoNTROLLER CONSTANTS AND INPUT x3(%) oF TABLE 3
AS DETERMINED BY ANALOG COMPUTER SIMULATION

xa(t), y1m1 X 104,
1b.-moles/ Ib. moles yam1 X 103,
cu. ft, X 10%/¢u, ft. °R. X 103 1/e1, sec.
0.04 —0.93 —3.4 30
0.02 —0.91 —3.5 31
0.0 —0.91 —3.5 31
—0.02 —0.98 —3.7 30
—0.04 —0.94 —3.5 30
x4(t),
Ib.-moles/ Vet,  tim, tama1, ymt yemt
cu. ft. sec. sec. sec. yim2 Yyz2m2
0.04 29 5 6 6.1 5.7
0.02 30 5 G 60 58
0.0 30 5 6 6.1 5.9
—0.02 30 5 6 6.3 5.6
—0.04 29 5 6 5.9 5.6
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TaBLE 5. COMPARISON OF OuTPUT CHARACTERISTICS
or TABLEs 3 AND 4

% deviation of results of Table 4 from results of Table 3

x4(t)
lb.-moles/ yrmt Iﬁ"_‘
cu ft.  yimi yemi 1wt /w2 timi fomt |Yimz| {yome
0.04 20 6.0 0.0 30 00 200 20 5.0
0.02 06 30 30 00 00 200 00 3.0
0.0 00 30 30 00 00 200 20 2.0
~0.02 80 30 00 00 00 200 50 7.0
—0.04 30 30 00 30 00 200 20 7.0

hence achieving complete noninteraction and perfect out-
put control.

CONCLUSIONS

The compensating controls designed above were found
to decouple the linear form of the given physical system
as predicted in the general theoretical development. It
should be noted that work has also been carried out to
test the applicability of the proposed method to nonlinear
systems (2). However, the results of these experiments
have not been presented here, since it was desired only
to verify the theoretical analysis for linear systems, as
previously discussed (1).

NOTATION

A = cooling coil heat transfer area, cu.ft. = 500 cu.ft.

A’ = reaction constant, sec.,”1 = 3 X 101 gec,!

C:. = coolant heat capacity, B.tuw/(Ib.)(°R.) = 1
Btu./(Ib.) (°R.)

C, = heat capacity of reactor fluid, B.t.u./(lb.) (°R.)
= 1B.t.u./(Ib.) (°R.)

E = activation energy, B.t.u./lb.-mole = 4.5 X 10*
B.t.u./lb.-mole

AH = heat of reaction, B.t.u./lb.mole = — 2 X 10*
B.t.u./Ib.-mole

Q(t) = feed rate, cuft./sec.

Q. = steady state value of Q(t) = 0.5 cu.ft./sec.

Qc(t) = coolant flow rate, cu.tt./sec.

Qo = steady state value of Q.(t) = 0.2 cu.ft./sec.

R = gas constant, B.t.u./lb.-mole/°R. = 1.98 B.tu./
Ib.-mole/°R.

p = reactor fluid density, Ib./cuft. = 60 Ib./cu.ft.

pe = coolant density, Ib./cu.ft. = 60 lb./cu.it,

T(t) = output temperature, °R.

» = steady state value of T () = 718°R.

T. = coolant temperature, °R. = 520°R.

T;(t) = input feed temperature, °R.

T, = steady state value of T;(t) = 690°R.

U = cooling coil heat transfer coefficient, B.t.u./(hr.)
(sq.ft.) (°R.) = 103 B.t.n./ (hr.) (sq.ft.} (°R.)

\ = reactor volume, cu.ft. = 100 cu.ft.

X(t) = output reactant concentration, lb.-moles/cu.ft.

X, = steady state value of X(#) = 0.241 Ib.-moles/
cu.ft.

X;(t) = input reactant concentration, Ib.-moles/cu.ft.

Xio(t) = steady state value of X;(¢) = 0.5 Ib.-moles/cu.ft.
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